I. INTRODUCTION

I
N A seminal paper [1] , Veselago predicted the possibility of media exhibiting simultaneously negative dielectric permittivity and magnetic permeability . Analysis of the definition of the index of refraction, as a square root of the product of and , shows that, in such media, the index assumes negative values. Therefore, they can be referred to as negative-refractive-index (NRI) media, as opposed to conventional positive-refractive-index (PRI) ones. NRI implies the support of backward waves in such media. As a result, a number of unconventional properties, also pointed out by Veselago, are enabled, such as negative refraction, inverted Doppler shift, Cerenkov radiation, and furthermore, Pendry's concept of a "perfect lens" [2] . Recently, Veselago's theoretical predictions were experimentally validated through the engineering of composite media of periodic inclusions, macroscopically exhibiting an NRI. Examples of those are the three-dimensional split-ring resonator (SRR) medium of [3] and the planar loaded transmission-line (TL) grid media of [4] and [5] , which will be further investigated in this paper.
On the front of modeling, earlier studies in the frequency domain (via the finite-element method and commercial packages) have verified the properties that were analytically predicted by Veselago [6] , the growth of evanescent waves in the loaded TL NRI media [7] , and the dispersion properties of the latter [8] . Yet the time-domain modeling of metamaterials, via the finite-difference time-domain (FDTD) method, is motivated by the richness of the transient behavior that it captures. In fact, recent FDTD analyses of negative refraction at an interface between a positive and negative index medium [9] , [10] have contributed to the resolution of questions regarding the causal evolution of negatively refracted wavefronts. Both [10] and [11] and the widely referenced work by Ziolkowski and Heyman [12] pursue the FDTD implementation of the macroscopic dispersive index of refraction of NRI media. Hence, the FDTD cell size does not necessarily follow the size of the (electrically small) inclusions that practically give rise to the negative index. On the other hand, the existence of backward waves requires a modified formulation of the numerically involved perfectly matched layer (PML) absorber for NRI media [13] , while resistive terminations can only offer a narrow-band alternative. Obviously, such models are useful for the qualitative evaluation of generic NRI structures, while they offer limited insight to the operation of particular implementations of them. More recently, the TL-matrix method was successfully modified to model NRI media, as reported in [14] . This paper extends upon the research previously reported by the authors in [15] and focuses on the modeling of the loaded two-dimensional TL-NRI metamaterial of [5] . The latter is a periodic structure of a unit cell shown in Fig. 1 . This is a dual two-dimensional TL in the sense that it is derived by replacing the shunt capacitors and series inductors of the conventional TL with shunt inductors and series capacitors, respectively. Continuous one-dimensional dual TLs have been fairly well known [16] , and were recently related to NRI materials via periodic implementations of those in [4] and [17] - [19] . The modeling of 0018-9480/$20.00 © 2005 IEEE the lumped elements, shunt inductors, and series capacitors, included in the unit cell of Fig. 1 , is readily accomplished by the "extended FDTD" method [20] , [21] , which couples lumpedelement voltage-current characteristics with Maxwell's equations. Since the unit cell is electrically small (typically of the order of a tenth of a wavelength), its discretization imposes a severe limitation on the choice of the FDTD cell size. Consequently, the simulation of practical grids consisting of moderate-to-large numbers of unit cells is bound to present a computationally intensive problem. To address this issue, periodic boundary conditions (PBCs) are implemented at the boundaries of the unit cell, enabling the fast modeling of metamaterial structures. For this purpose, the so-called sine-cosine method [24] , [25] is employed for the translation of the PBCs to the time domain for any lattice wave vector . In the context of the proposed method, the use of well-known FDTD absorbing boundary conditions, including the PML, is possible since the mesh is truncated along an isotropic nondispersive boundary.
In fact, this approach is far more general since circuit models can be associated to other NRI implementations, notably the SRR NRI [22] , [23] . These models can be readily expressed in terms of state equations in the sense of [21] . Hence, they can be incorporated in an FDTD simulation domain, terminated with periodic/absorbing boundary conditions. It is noted, however, that since PBCs are enforced, phenomena associated with truncated periodic structures cannot be accounted for. These can be readily modeled by applying the conventional FDTD technique to the truncated structure of interest using the update equations presented in this paper for the working volume and any kind of absorbing boundary conditions for mesh termination. The validity of this approach was demonstrated by the authors in [15] and is not further negotiated here.
The structure of this paper is as follows. First, the proposed modeling approach is explained and the possibilities that it provides (as a full-wave method) for the insightful physical characterization of the simulated structures are mentioned. Subsequently, the Brillouin diagrams for different implementations of the NRI medium of [5] are deduced and successfully compared with available measured and simulated data. Finally, modal field plots for forward, backward, and surface waves excited at distinct frequencies are presented. Their analysis and discussion illuminates the physics of the dual TL NRI medium and supports several published experimental observations.
II. PERIODIC/EXTENDED FDTD ANALYSIS OF LOADED TL-NRI METAMATERIALS
Floquet's boundary conditions for two-dimensional periodic media of spatial period and along the -andaxes of a rectangular coordinate system state that phasor field components one period away in either direction differ only by a constant attenuation and phase-shift term , , respectively ( and being complex propagation constants). Several ways have been proposed for the translation of this frequency-domain relationship to the time domain. In this study, the propagation constants are defined to be real, while the sine-cosine method of [25] If a frequency-to-time domain transform is considered for and , the following set of time-domain conditions is then derived:
The propagation constants and in these conditions are chosen to represent a point on the --, --, --axis of the Brillouin diagram [26] . For each such point, the timedomain waveforms of fields are sampled within the unit cell. Subsequently, their Fourier transform (from the time domain to frequency domain) reveals the resonances that represent the modal frequencies . The three-dimensional FDTD domain for the NRI medium of [5] is depicted in Fig. 2 . The open boundary in the -direction is terminated in Mur's first-order absorbing boundary condition, which is deemed sufficiently accurate for a distance of a few wavelengths from the interface. Periodicity in the -and -directions is enforced by the PBCs.
The unit cell of the simulated NRI medium (Fig. 1 ) includes lumped capacitive and inductive elements. These can be practically realized by components such as capacitive gaps or vias provided that the latter are electrically small at the operating frequency of the NRI medium. This typically being the case, the use of lumped-element equivalent representations of these components facilitates both their analytical and numerical modeling.
An example of how lumped-element equations are coupled to FDTD updates is given for the case of a capacitor along a parallel to the -axis edge of Yee's cell with a voltage-current characteristic . Assuming that is the -component of the electric field sampled on a node at the center of the capacitor, its update equation can be written as
Similarly, electric-field components along -oriented inductors are updated as (4) As mentioned in [25] , a point source can excite all the modes for a set of implicitly introduced by the boundary conditions. Line sources can be used as well, properly oriented in order to excite the or modes. This technique also provides the possibility to study one of the modes supported by the structure for a fixed wave vector . The pattern of that mode is extracted by the Fourier transform of the sampled time-domain signal, evaluated at the frequency . Conversely, modes of the same frequency and different wave vector can be studied and directly compared, their patterns being extracted from separate simulations of domains terminated with their respective boundary conditions. In the results that follow, a line source has been used for the excitation of the TM with respect to the -axis waves. 
III. DISPERSION ANALYSIS
Implementing the aforementioned concepts, the dispersion analysis of the loaded TL NRI medium of [27] is performed. The periodicity in both and is mm, the height of the substrate is mm, and its relative permittivity is . The width of the TL is 0.4 mm and the characteristic impedance of the microstrip line is
. The values of the lumped elements loading the TL mesh are nH and pF, respectively. The unit cell is discretized in cells with , while the substrate occupies three cells. The time step is set to ps (0.9 of the Courant limit). As an excitation, a Gabor function with and is used in the sine-cosine grid, respectively, with GHz and GHz. Fast convergence was obtained in all cases with the necessary number of time steps being limited to approximately 7000.
The results of this analysis are shown in Fig. 3 , where the wavenumber varies within the irreducible Brillouin zone [26] . Three lower order TM modes appear to be present, which are: 1) a surface TM wave, which follows the light cone and is spatially confined close to the TL metal; 2) a TM forward wave similar to the one supported by an unloaded TL mesh; and 3) a TM backward wave. The latter is readily characterized by its time-domain field waveforms, as discussed in [15] .
In addition, Fig. 4 presents a comparison between our results and relevant experimental data of [27] , along with results obtained by Ansoft's HFSS. While an overall satisfactory agreement between experimental and theoretical results is observed, the following notes are in order. First, the full-wave analysis indicates the existence of a lower stopband formed at around 2.4 GHz. As mentioned in [8] , this stopband stems from the contra-directional coupling of the backward wave with the surface wave. This effect is not captured by the TL theory-based periodic analysis of the two-dimensional TL-NRI medium [31] since the latter does not include surface-wave modes. Second, for frequencies where the backward wave and surface wave are not phase matched, the measured phase follows closely the backward-wave dispersion curve. Good agreement is also observed for the frequencies where the forward wave is supported. On the other hand, the measurements deviate from the simulated phase at frequencies where the two waves tend to become phase matched. This effect is further investigated and explained in Section IV.
Recently, loaded TL NRI structures, designed so that the edges of the backward-wave and forward-wave dispersion curves meet at , thus closing the upper stopband existing between the two, have attracted a particular interest, among other reasons, due to their significance for the implementation of Pendry's planar "perfect lens" [28] , [29] . The condition for the closure of the stopband assumes the form [5, eq. (29) ], [30] ( 5) where is the characteristic impedance of the TL and and are the loading inductors and capacitors. Fig. 5 displays the dispersion diagram of the previously analyzed structure, where the 5.6-nH inductor has been replaced by a 10-nH inductor so that condition (5) is met. The simulation result confirms that the stopband is closed at , GHz, within the accuracy, in the frequency domain, provided by the finite time step of the FDTD. For the calculations presented in Fig. 5 , the frequency resolution is MHz. The lower stopband is formed between 2.15-2.35 GHz.
In terms of computational efficiency, an exceptional performance of the algorithm was observed. The results of a convergence study for several frequency points of the Brillouin diagram were presented in [15] . In that study, a uniform discretization rate of 16 grid points per period proved to be optimal in terms of accuracy and execution time. Approximately 15 s were sufficient for the determination of the resonant frequencies for each lattice wave vector on a Pentium 4 2.6-GHz PC (without any code optimization). Hence, a rough estimate for the total computational time that this technique requires for the extraction of the whole Brillouin diagram is less than 10 min. These conclusions are relatively insensitive to the values of the loading capacitors and inductors.
IV. MODAL FIELD PATTERNS IN THE LOADED TL-NRI MEDIUM
A. Modal Pattern Determination From an FDTD Simulation
The field patterns of the three types of modes indicated in the dispersion diagram of Fig. 3 are further investigated here. These are derived from the Fourier transform of field components within the FDTD computational domain, iteratively applied on their time samples. In particular, the Fourier transform of the electric field is evaluated at a frequency as (6) where is the position vector of an FDTD grid point and is the number of time steps used for the Fourier transform. The presented case studies refer to the following three points on the Brillouin diagram (indicated as A-C in Fig. 3, respectively) , all three being within theregion of the Brillouin zone.
• Point A corresponds to a surface wave excited at a frequency GHz propagating with .
• Point B corresponds to a backward wave excited at the previous frequency GHz propagating with .
• Point C corresponds to a forward wave propagating with the previous phase difference per unit cell ( ) at a frequency GHz. Field data for these three points are selectively presented in Figs. 6-11. All fields have been sampled in the middle of the dielectric substrate. In Fig. 6 , the magnitude of the -component of the backward-wave electric field (point B) within the unit cell is plotted. It is noted that this component is mainly Fig. 6 . Magnitude of the x-component of the backward-wave electric field for propagation in the x-direction at 0.99 GHz. The field is supported at the capacitors, where it contributes to a displacement current. Fig. 7 . Magnitude of the x-component of the forward-wave electric field for propagation in the x-direction at 12.83 GHz. It assumes negligible values since this TL mode is predominantly z-directed.
supported within the capacitors at the ends of the cell in the direction of propagation. Indeed, this mode is dominantly -polarized. However, as the TL along the -axis is interrupted by the capacitors, the -component is developed, supporting a displacement current at the two gaps. On the other hand, the -components of the forward wave and surface wave assume negligible values throughout the cell, as shown in Figs. 7 and 8 . Indeed, the forward wave corresponds to an unloaded TL mode and, hence, it is expected to be vertically polarized. Figs. 9-11 support these comments by depicting the -components of the three modal fields. First, Fig. 9 shows the backward-wave being reduced to zero at the capacitors along the propagation axis, where gives rise to a displacement current. The forward wave of point C is plotted in Fig. 10 . The field is maximized at the capacitors along the -direction. This stems from the fact that the symmetry of the unit cell, combined with the chosen direction of wave propagation (along the -axis) imply the existence of two -directed magnetic walls passing through the centers of the gaps of these capacitors. Finally, Fig. 11 provides the surface-wave (point A) component , which follows closely the metal of the TL mesh.
B. Analysis of Coupling Between Backward-Wave and Surface-Wave Modes
In the following, the results of Fig. 4 are further discussed based on the extracted modal patterns. The fields of Figs. 9 and 11 are at a common frequency GHz and they have been excited by the same Gabor pulse provided by a line source. Thus, the comparison of their magnitudes reveals the relative coupling coefficients of the source to these modes. Careful inspection of those establishes the fact that the surface wave is excited two orders of magnitude below the backward wave. This result offers a numerical validation to the dispersion measurements of [27] , where the phase seems to follow the backward-wave dispersion curve without being affected by the surface-wave line prediced by both HFSS and this method. Evidently, this is due to the dominance of the backward wave in these frequencies.
A question that naturally arises is how these coupling coefficients vary as the two waves become phase matched. This is the subject of the numerical experiment that follows, in which backward-wave and surface-wave vertical fields are computed for ( , GHz) and ( , GHz), respectively. These wave vector-frequency pairs are close to the point where the lower branch of the dispersion diagram is separated into the backward wave and surface wave (where the two waves are phase matched). The results of this experiment are shown in Figs. 12 and 13 . Indeed, the two waves appear similar in both shape and magnitude, which is in agreement with the intuitive expectation that this would be the case as they move toward their phase-matching point. Hence, the measured phase close to the phase-matching point deviates from the backward-wave dispersion curve, reflecting the strong excitation of the surface wave and its strong coupling to the backward wave.
V. CONCLUSION
This paper has presented a rigorous full-wave time-domain technique for the modeling of loaded TL based NRI media. The modeling of the lumped elements loading a TL mesh was allowed for by the "extended FDTD" approach of [20] and [21] .
PBCs were applied to reduce the modeling of the whole structure to the simulation of a single unit cell, thus rendering the necessary execution time for each of the aforementioned studies (computation of Brillouin diagrams and modal field patterns) to the order of a few minutes. The proposed method is absolutely stable, straightforward to implement, and requires no special absorbing boundary conditions. The presented results were supported by successful comparisons to existing experimental and theoretical data and agreed with fundamental physical arguments. They were shown to provide critical insights to the physical properties of the simulated medium and the types of waves that it supports. Specifically, this technique enabled the examination of the relative excitation magnitudes of surfacewave and backward-wave modes, which led to the conclusion that the latter is dominant compared to the former, which in agreement with experimental results reported in [5] and [27] . In consequence, the proposed technique constitutes an efficient tool for the in-depth understanding of the physics of the loaded TL-based NRI structures and the computer-aided design of applications based on those.
